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Abstract 
7KLVSDSHUSURSRVHVDELYDULDWHORQJWHUPIX]]\LQIHUHQFHV\VWHPIRUWLPH
VHULHVIRUHFDVWLQJWDVNLQWKH¿HOGRIIUHLJKWPDUNHW)X]]\WLPHVHULHVPHWKRGV
DUHDSSOLHGE\PDQ\VFKRODUVDQGLW LVEURDGO\DFFHSWHGSDWWHUQUHFRJQLWLRQ
DQGIRUHFDVWLQJWRRO3UHYLRXVVWXGLHVPDLQO\HVWDEOLVKDOJRULWKPVIRUKLJK
IUHTXHQF\WLPHVHULHVGDWDVXFKDVGDLO\DQGPRQWKO\LQWHUYDOV7KHSURSRVHG
PRGHOSHUIRUPVVLPLODU WHFKQLTXHVIRU ORQJWHUPDQQXDOEDVHGDWDDQGDOVR
H[WHQGVWKHFRQYHQWLRQDOPHWKRGZLWKPXOWLYDULDWHKHXULVWLFDOJRULWKP
(PSLULFDOZRUN LV DFFRPSOLVKHGRQ VKLSSLQJ IUHLJKW UDWHGDWDDQG OLIH
H[SHFWDQF\LVXVHGDVD OHDGLQJLQGLFDWRU LQ WKHELYDULDWHIX]]\WLPHVHULHV
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I. Introduction
,PSRUWDQFHRI IRUHFDVWLQJ LVXQDYRLGDEOH LQEXVLQHVVDGPLQLVWUDWLRQDQG
DOVRLQVKLSSLQJEXVLQHVV3ODQQLQJDQGVWUDWHJ\GHYHORSLQJWDVNVDUHGLUHFWO\
GHSHQGHGRQDSUHGLFWLRQRIIXWXUHHYHQWV7KHWUDGLWLRQDOIRUHFDVWLQJVFLHQFH
SURYLGHGYDULRXVPHWKRGVLQFOXGLQJERWKH[WUDSRODWLRQDQGFDXVDOUHDVRQLQJ
DSSURDFKHV0DQ\VFKRODUVVXJJHVW LPSURYHPHQWVRISUHGLFWLRQDFFXUDF\
E\PRYLQJDYHUDJHDXWRUHJUHVVLRQVPRRWKLQJPHWKRGVHWF1)2QHRI WKH
FULWLFDOGUDZEDFNVRIVWDWLVWLFDO WHFKQLTXHLVDULVHQIURPVHYHUDOGLDJQRVWLF
SUHFRQGLWLRQVVXFKDVQRUPDOLW\VWDWLRQDULW\HWF ,QSUDFWLFDOEXVLQHVV OLIH
PRVWRI WKHGDWD LVQRQVWDWLRQDU\DQG WKHVHGDWD VKRXOGEH WUDQVIRUPHG
DQ\KRZ1RQVWDWLRQDU\IRUHFDVWLQJVWXGLHVGHDOZLWKVXFKSUREOHPV
&RPSXWHUVFLHQFHVLPSURYHGSUHGLFWLRQWDVNE\YDULRXVDSSURDFKHV
$UWL¿FLDOQHXUDOQHWZRUNV$11VDQGIX]]\LQWHJUDWHGVWXGLHVDUHW\SLFDO
FRPSXWHUSDWWHUQUHFRJQLWLRQWHFKQLTXHV$IWHUWKHGHYHORSPHQWRIWKHIX]]\
VHWWKHRU\)67DQHZJHQHUDWLRQRIWLPHVHULHVPHWKRGRORJ\LVLPSOHPHQWHG
E\ IX]]\ WLPH VHULHV )76 DSSURDFK2))76PHWKRGGRHVQRW UHTXLUH D
ODUJHVDPSOHGDWDEXW LI LW LVDYDLODEOHUHFRJQLWLRQZLOOEHPRUHDFFXUDWH
VWDWLRQDULW\QRUPDOLW\RUDSXUHTXDQWLWDWLYHGDWD)76FDQH[HFXWHOLQJXLVWLF
YDULDEOHVDQGWKHWUDGLWLRQDOIX]]L¿FDWLRQRIWLPHVHULHVLVDWUDQVIRUPDWLRQ
RITXDQWLWDWLYHGDWD WR OLQJXLVWLF WHUPV ,W LVJHQHUDOO\EDVHGRQ WKHGDWD
FRQVROLGDWLRQLQLQWHUYDOVE\DSURFHGXUH3)
)76PHWKRGIXQGDPHQWDOO\FRPELQHV WZRFRQYHQWLRQDO WRROV WLPHVHULHV
FOXVWHULQJDQG UXOHEDVHG IRUHFDVWLQJ7LPHVHULHVFOXVWHULQJ LVXVHG IRU
JURXSLQJODUJHGDWDVHWVDQGGHFUHDVLQJXQFHUWDLQW\5XOHEDVHGIRUHFDVWLQJ
5%) LVZHOOVXJJHVWHGDQGDSSOLHGE\&ROORS\DQG$UPVWURQJ4)5%)LV
GHVLJQHGDVDQH[SHUWV\VWHPZKLFKLVEDVHGRQ,)7+(1UXOHV,QWKH)76
PHWKRGGDWDVHW LV WUDQVIRUPHGWRIX]]\QXPEHUVZKLFKDUHFRQQHFWHGWRD
OLQJXLVWLFWHUPDQGSDWWHUQVRIKLVWRULFDOGDWDLVGH¿QHGE\UXOHVRIWUDFLQJ
,IDIX]]\QXPEHUVD\ALVIROORZHGE\DQRWKHUIX]]\QXPEHUVD\BLWLVD
+ROW:LQWHUV%R[DQG-HQNLQV%RZHUPDQDQG2¶&RQQHOO+DUYH\DPRQJRWKHUV
=DGHK6RQJDQG&KLVVRPDE
3DOLWDQG3RSRYLF
&ROORS\DQG$UPVWURQJ
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VLPSOHUXOHWKDWWKHUHLVDIRUHFDVWLQJUXOHEHWZHHQADQGBZKLFKLVBĺA
+RZHYHUSUDFWLFDOXVHFRQVLVWVRIPDQ\IX]]\QXPEHUVDQGVHYHUDOUXOHV
)76LVGHYHORSHGDQGLPSOHPHQWHGE\YDULRXVVWXGLHV6RQJDQG&KLVVRP
ILUVWVKRZWKHDYDLODELOLW\RI WKH)67IRUDQDO\VLVDQGIRUHFDVWLQJRI WLPH
VHULHV/DWHU&KHQGHYHORSHG WKH LQLWLDO VWXG\DQG LPSURYHGDULWKPHWLF
RSHUDWLRQV UDWKHU WKDQ WKH ORJLFPD[PLQ FRPSRVLWLRQPHWKRGRORJ\RI
6RQJDQG&KLVVRP7KLVPHWKRGDOVRSURYLGHVUREXVWSUHGLFWLRQVZKHQWKH
KLVWRULFDOGDWDDUHQRWDFFXUDWHIRUIRUHFDVWLQJWDVN+XDUQJFRQVROLGDWHGWKH
VWXG\RI&KHQZLWKKLVKHXULVWLFUXOHVWUXFWXUH8)<XVXJJHVWHGDZHLJKWLQJ
DOJRULWKP IRU IX]]\ ORJLFDO UHODWLRQVKLSV )/5V7KLV VWXG\ LPSURYHV
WKDW WKHKLJKO\SUREDEOHPRYHPHQWVKDYH WKHKLJKHUHIIHFWRQ)/5V7KDW
SURFHVVFDQEHSHUIRUPHGE\DQH[SHUW MXGJPHQW WKHODWHVW)/5ZHLJKWLQJ
DSSURDFKRU LWFDQEHFDOFXODWHGIURPWKHH[LVWHQFHGHQVLW\RI)/5V/LX
H[WHQGHGWKHOLWHUDWXUHE\WUDSH]RLGDOGHVLJQRI)76&KXHWDOGHYHORSHGD
PRGHOWRLPSOHPHQWFDXVDOLW\RIYDULRXVWLPHVHULHVE\IX]]\GXDOWLPHVHULHV
DOJRULWKP11)7KLVSDSHULQWURGXFHGDGXDOIDFWRUDSSURDFKWR7$,(;7DLZDQ
VWRFNH[FKDQJHFDSLWDOL]DWLRQZHLJKWHGVWRFNLQGH[DQG1$6'$41DWLRQDO
DVVRFLDWLRQRIVHFXULWLHVGHDOHUVDXWRPDWHGTXRWDWLRQVLQGH[IRUHFDVWLQJWDVN
DQGXVHGG\QDPLFVRIVWRFNPDUNHWVEDVHGRQSULFHYROXPHUHODWLRQVKLSV
'XUXVXJJHVWHGIX]]\LQWHJUDWHGORJLFDOIRUHFDVWLQJPRGHO),/)DQGLWV
H[WHQGHGYHUVLRQ(),/)E\HUURUFRUUHFWLRQDOJRULWKP12)),/)DQG(),/)
DOJRULWKPVDUHEDVHGRQWKH¿UVWRUGHUXQLYDULDWH)76DQGLWVLPSURYHPHQWV
DUHGHULYHGIURPGLIIHUHQFLQJ ODVWYDOXHDGMXVWPHQWDQGHUURUFRUUHFWLRQ
%RWK),/)DQG(),/)DSSOLHGWR WKHFDVHRIIRUHFDVWLQJ%DOWLF'U\,QGH[
%',RQPRQWKO\IUHTXHQF\DQGLWVVXSHULRULW\LVSUHVHQWHGDPRQJ&KHQDQG
<XDSSURDFKHV13)7KHSUHVHQWVWXG\DSSOLHVSHUFHQWDJHFKDQJHWUDQVIRUPDWLRQ
DQG WKH ILUVW RUGHUELYDULDWH VROXWLRQ7HUFHQWHQDU\ VHULHVRI/), LV DQ
6RQJDQG&KLVVRPDE6XOOLYDQDQG:RRGDOO&KHQ+ZDQJHWDO&KHQDQG+ZDQJ
+XDUQJ<X+XDUQJDQG<X/LX&KHQJHWDO'XUX
6RQJDQG&KLVVRPDE
&KHQ
+XDUQJ
<X
/LX
&KXHWDO
'XUX
&KHQ<X
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DQQXDOIUHTXHQF\GDWDDQGLWVKRXOGEHSUHIHUUHGIRUORQJWHUPVWUDWHJLFDOO\
H[WUDSRODWLRQVUDWKHUWKDQVKRUWWHUPPRQWKO\LQIHUHQFHVRIWKH),/)IDPLO\
)76'XUXDQG<RVKLGDLPSURYHGHFRQRPHWULFPRGHOVRISUHYLRXVVFKRODUV
IRUIUHLJKWUDWHVDQGVHDERUQHWUDGH7KHSUHVHQWSDSHUDSSOLHVIX]]\LQIHUHQFH
WRELYDULDWHUHODWLRQVRI/),DQGOLIHH[SHFWDQF\14)
Long term freight rate index (LFI) and Life expectancy
7KHORQJWHUPIUHLJKWLQGH[KHUHDIWHU/),LV¿UVWSUHVHQWHGE\'XUXDQG
<RVKLGD7KHRULJLQRI/),LVEDVHGRQFRPELQDWLRQVRIGLIIHUHQWVHULHV
RIGU\FDUJRIUHLJKWUDWHDQGLQGLFHVDQGDOVRGHÀDWRUVDUHXVHGIRUH[WUDFWLQJ
SULFHLQIODWLRQHIIHFWV%RWKLQSXWGDWDDQGGHIODWRUVDUHLQWURGXFHGLQWDEOH
7KHVHULHVLVFDOFXODWHGE\DYDLODEOHGDWDZKLFKLVFROOHFWHGIURPYDULRXV
VKLSSLQJSHULRGLFDOVDQGVFKRODUO\ MRXUQDOSDSHUV&DOFXODWLRQPHWKRG LV
EDVLFDOO\SHUIRUPHGE\XVLQJUDWLRWRFKDQJHGHYLDWLRQV\HDUE\\HDUDQG
LQLWLDO\HDULVDVVXPHGWREHSRLQWV6HHDSSHQGL[$
/),VHULHVLVFDOFXODWHGIRUDQQXDOIUHTXHQF\VLQFHPRVWRIWKHDYDLODEOHGDWD
LVRUJDQLVHGIRU\HDUO\SHULRGV%HIRUHEXLOGLQJ/),VHTXHQWLDOVHULHVRIGDWD
DUH WHVWHG WREHFRUUHODWHGDQGFRQWLQXLW\ LVFRQILUPHG&RUUHODWLRQPDWUL[
RIVHTXHQWLDOVHULHV LQGLFDWHGRYHUFRHIILFLHQWRIH[FHSWDIHZQXPEHU
RIVDPSOHVPLQLPXP$QDGGLWLRQDO WHVW LVSHUIRUPHGWR LQYHVWLJDWH
ZKHWKHU WKH IUHLJKW LQGLFHVKDYHDELOLW\ WR UHIOHFW UHDOSULFHVRI VKLSSLQJ
VHUYLFH$QH[WHQVLYHGLVFXVVLRQRQWKLV LVVXHLVSUHVHQWHGE\9HHQVWUDDQG
'DOHQ%\XVLQJWHFKQLFDOSDUWLFXODUVRIIOHHWDQGKHGRQLFPRGHOGHVLJQ
WKH\WHVWHGVRPHIUHLJKWLQGLFHVDERXWWKHUHSUHVHQWDWLYHFDSDELOLW\
5HVXOWVSRLQWHGRXWGLVSDULWLHVDPRQJ WKHVKRUW UXQDQDO\VLVZKLOH ORQJ
WHUPÀXFWXDWLRQVDUHIRXQGEURDGO\LGHQWLFDO7KHHPSLULFDOUHVXOWVRI'XUX
DQG<RVKLGDLQGLFDWHGWKDW%DOWLF'U\,QGH[ZKLFKLVLQFOXGHGLQWKH/),DQG
PDUNHWSULFHVRIVHYHUDO URXWHVDQGVL]HVDUHDEVROXWHO\VDPHFRUUHODWLRQ
FRHI¿FLHQWLVRYHU7KHUHIRUHLQSXWGDWDLVXVHGIRU/),ZKLOHSRVVLEOH
GUDZEDFNVRIPLVVLQJGDWDRQFRQVWUXFWLRQRI LQSXWGDWDLWVHOIRUTXDOLW\RI
GDWDUHPDLQVLQFHDGMXVWPHQWRIWKHLQWHQGHGGDWDVHWLVEURDGO\XQIHDVLEOH
'XUXDQG<RVKLGD
6XSUDQRWH
9HHQVWUDDQG'DOHQ
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7DEOH!'HVFULSWLRQRIGDWDZKLFKLVXVHGIRUEXLOGLQJWKH/),
7HUP 'HVFULSWLRQ &RGH 6RXUFH
                        Freight rates & indices
 7\QH/RQGRQ&RDOURXWHIUHLJKWUDWHVHULHV 7/&+ +DUOH\
 86%ULWLVK*UDLQURXWHIUHLJKWUDWHVHULHV 86*+ +DUOH\
 %ULWLVK,PSRUW)UHLJKW5DWH,QGH[VHULHV %,)5, 1RUWK
 $PHULFDQ([SRUW)UHLJKW5DWH,QGH[VHULHV $()5, 1RUWK
 ,VVHUOLV&RPSRVLWH,QGH[VHULHV ,66&, ,VVHUOLV
 1HZ8.,QGH[VHULHV 18.), .ORYODQG
 (FRQRPLVW¶V)UHLJKW,QGH[VHULHV (&21, <RVKLPXUD
 (FRQRPLVW¶V)UHLJKW,QGH[VHULHV (&21, <RVKLPXUD
 8.&KDPEHURI6KLSSLQJ,QGH[VHULHV 8.&69 ,VVHUOLV+XPPHOV
 1RUZHJLDQ6KLSSLQJ1HZV9R\DJH)UHLJKW,QGH[VHULHV 1619, +XPPHOV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 1RUZHJLDQ6KLSSLQJ1HZV7LPH&KDUWHU ,QGH[VHULHV 1617, +XPPHOV
 8.&KDPEHURI6KLSSLQJ7LPH&KDUWHU ,QGH[VHULHV 8.&67 +XPPHOV
 %DOWLF)UHLJKW,QGH[%DOWLF'U\,QGH[VHULHV %),%',
%DOWLF([FKDQJH&R
/RQGRQ
+XPPHOV
 *HUPDQ0LQLVWU\RI7UDQVSRUW7LPH&KDUWHU,QGH[VHULHV *077, +XPPHOV
 /OR\G¶V6KLSSLQJ(FRQRPLVW/6(7UDPS,QGH[VHULHV /6(),
/6(0DJD]LQH
YDULRXVLVVXHV
'HÀDWRUVHULHV
 3ULFHRI&RPSRVLWH8QLWRI&RQVXPDEOHV 38&21 %URZQ	+RSNLQV
 53,5HWDLO3ULFH,QGH[RI8. 53,8. 2I¿FHIRUQDWLRQDOVWDWLVWLFV8.
6RXUFH'XUXDQG<RVKLGD
,Q WKHELYDULDWHPRGHORI WKHSUHVHQWSDSHU WKH ORQJ WHUPIUHLJKW LQGH[
/), LVSURSRVHG WREHSUHGLFWHGDQG OLIHH[SHFWDQF\ LVXVHGDVD OHDGLQJ
LQGLFDWRU/), LVILUVWSUHVHQWHGE\'XUXDQG<RVKLGDDQGLW LVDFRPELQHG
IUHLJKW LQGH[IRUGU\FDUJRVKLSPHQWV'XUXDQG<RVKLGDDOVRGHQRWHGORQJ
WHUPUHODWLRQVKLSEHWZHHQ/),DQGOLIHH[SHFWDQF\DWDJH86GDWDLVXVHG
EHFDXVHRIDYDLODELOLW\)RJHOLQGLFDWHVWKDWOLIHH[SHFWDQF\DQGSK\VLFDOVL]H
RIKXPDQNLQGDIIHFWYDULRXVLVVXHVLQHFRQRPLFV18))LJVKRZV/),VHULHV
6XSUDQRWH
)RJHO
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WRJHWKHUZLWKOLIHH[SHFWDQF\GDWDDWDJHLQSHULRGRIDQGIRU
86SRSXODWLRQOLIHH[SHFWDQF\GDWDLVDYDLODEOHWLOO
)LJXUH!/),DQG/LIHH[SHFWDQF\DWDJH86EHWZHHQDQG
II. Methodology
1. Fuzzy Time Series
6RQJDQG&KLVVRPSURSRVHG)76 WRPRGHO IX]]\ ORJLFDO UHODWLRQVKLSV
)/5VDPRQJWKHGDWD$IX]]\VHW LVDJURXSRIGDWDZKLFKKDVDJUDGH
RIPHPEHUVKLS WKURXJKWKHPHQWLRQHGIX]]\VHW/HWUEH WKHXQLYHUVHRI
GLVFRXUVHZLWKU u1u2«uPZKHUHXLDUHOLQJXLVWLFYDULDEOHV7KHEDVLF
GH¿QLWLRQVRI)76DUHDVIROORZV
'H¿QLWLRQYtt LVDVXEVHWRIUHDOQXPEHUV/HWYtEHWKH
XQLYHUVHRIGLVFRXUVHGH¿QHGE\WKHIX]]\VHWȝit,IFtFRQVLVWVRIȝiti 
 FtLVFDOOHGDIX]]\WLPHVHULHVRQYt
Definition 2. ,I WKHUHH[LVWVDIX]]\UHODWLRQVKLSRt tVXFK WKDWFt
=FtƕRttZKHUHƕLVDQDULWKPHWLFRSHUDWRU WKHQFt LVVDLGWREH
FDXVHGE\Ft7KHUHODWLRQVKLSEHWZHHQFtDQGFtFDQEHGHQRWHGE\
FtĺFt
6RQJDQG&KLVVRPDE
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'H¿QLWLRQ6XSSRVHFtLVFDOFXODWHGE\FtRQO\DQGFt Ftƕ
Rtt)RUDQ\t LIRttLVLQGHSHQGHQWRIW WKHQFtLVFRQVLGHUHGD
WLPHLQYDULDQWIX]]\WLPHVHULHV2WKHUZLVHFtLVWLPHYDULDQW
Definition 4. 6XSSRVHFt   iA  DQGFt   jA  D IX]]\ ORJLFDO
UHODWLRQVKLSFDQEHGHILQHGDV iA ĺ jA ZKHUH iA DQG jA DUHFDOOHG WKH OHIW
KDQGVLGH/+6DQGULJKWKDQGVLGH5+6RIWKH)/5UHVSHFWLYHO\
&KHQGHYHORSHG WKHPHWKRGRI6RQJDQG&KLVVRP DQGHQVXUHGPRUH
DFFXUDWHUHVXOWV$VDEHQFKPDUNRIWKHSURSRVHGPRGHO WKHSURFHGXUHRI
&KHQ¶VPHWKRGRORJ\LVDVIROORZV
Step 1.3DUWLWLRQRIWKHXQLYHUVHRIGLVFRXUVHULQWRHTXDOOHQJWKLQWHUYDOV
Step 2.'H¿QHWKHIX]]\VHWVRQUIX]]LI\WKHKLVWRULFDOGDWD
DQGGHULYHWKH)/5V
6WHS$OORFDWHWKHGHULYHGIX]]\ORJLFDOUHODWLRQVKLSVLQWRJURXSV
Step 4.&DOFXODWHWKHIRUHFDVWHGYDOXHVXQGHUWKHWKUHHGHIX]]L¿FDWLRQUXOHV
$QDGGLWLRQDOGHILQLWLRQ LQGLFDWHVGLIIHUHQFHRI&KHQ¶VPHWKRGDV
IROORZV
Definition 5.7KH IRUHFDVWHGYDOXHDW WLPH tFvt LVGHWHUPLQHGE\ WKH
IROORZLQJWKUHH,)7+(1UXOHV
Rule 1.,)WKH)/5*RIAiLVQRWH[LVWLQJAiĺI 7+(1WKHYDOXHRIFvtLV
AiDQGFDOFXODWHFHQWURLGRIWKHIX]]\VHWAiZKLFKLVORFDWHGRQPLGSRLQWIRU
LQIHUHQFHSRLQWIRUHFDVW
Rule 2.,)WKH)/5*RIAi LVAiĺ kA 7+(1WKHYDOXHRIFvt LV kA DQG
FDOFXODWHFHQWURLGRI WKH IX]]\VHW kA ZKLFK LV ORFDWHGRQPLGSRLQW IRU
LQIHUHQFHSRLQWIRUHFDVW
5XOH,)WKH)/5*RIAiLVAiĺ 1kA Aiĺ 2kA Aiĺ 3kA Aiĺ kpA DQG
7+(1WKHYDOXHRI FvtLVFDOFXODWHGDVIROORZV
&KHQ
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DQGFDOFXODWHFHQWURLGRI WKHUHVXOWLQJIX]]\VHWZKLFK LV WKHDULWKPHWLF
DYHUDJHRImk1mk2mkpWKHPLGSRLQWVRIuk1uk2ukpUHVSHFWLYHO\
$ELYDULDWHIX]]\WLPHVHULHVLVGH¿QHGDVIROORZV
'H¿QLWLRQ/HWFDQGGEHWZRIX]]\WLPHVHULHV6XSSRVHWKDWFt Ai
Gt BkDQGFt)=Aj. $ELYDULDWH)/5LVGH¿QHGDVAiBkĺAjZKHUHAi,
BkDUHUHIHUUHGWRDVWKH/+6DQGAjDVWKH5+6RIWKHELYDULDWH)/5
,QWKHSUHVHQWSDSHUWKH¿UVWRUGHUELYDULDWH)/5VDUHFRQVWUXFWHGZLWKOLIH
H[SHFWDQF\DQG/),VHULHVIRUIRUHFDVWLQJRQHSHULRGDKHDG/),
2. Bivariate long term fuzzy inference
7KHFXUUHQWIX]]\WLPHVHULHVPRGHOVXWLOL]HGLVFUHWHIX]]\VHWV WRGHILQH
WKHLUIX]]\WLPHVHULHV7KHLUGLVFUHWHIX]]\VHWVDUHGH¿QHGDVIROORZV
$VVXPHWKHUHDUHPLQWHUYDOVZKLFKDUHu1 >d1d2@u2 >d2d3], u3 = 
[d3,d4], u4 = [d4,d],..., um = [dm,dm], um = [dm,dm@um >dmdm@
DQGum >dmdm+1@
/HW 1 2  kA A A   EHIX]]\VHWVZKLFKDUHOLQJXLVWLFYDOXHVRIWKHGDWD
VHW'H¿QHIX]]\VHWV 1 2  kA A A   RQWKHXQLYHUVHRIGLVFRXUVHUDV
IROORZV
1A = a11u1+a12u2+a13u3a1mum
2A  a21u1+a22u2+a23u3a2mXm
   
kA  ak1u1+ak2u2+ak3u3akmum
ZKHUH aij>@ikDQGim7KHYDOXHRIaijLQGLFDWHVWKH
JUDGHRIPHPEHUVKLSRIujLQWKHIX]]\VHW iA 7KHGHJUHHRIHDFKGDWD
LVIRXQGRXWDFFRUGLQJWRWKHLUPHPEHUVKLSJUDGHWRIX]]\VHWV:KHQ
WKHPD[LPXPPHPEHUVKLSJUDGHLVH[LVWHGLQ kA  WKHIX]]LILHGGDWD
LVWUHDWHGDV kA 2XUHPSLULFDOVWXG\DERXWGU\EXONVKLSSLQJLQGH[LV
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EDVHGRQJUDGLHQWVUDWKHUWKDQUDZGDWD8VLQJWKHUDZGDWDKDVVHYHUDO
GUDZEDFNV VXFKDVQRQVWDWLRQDULW\ZKLFKGHFUHDVHVJHQHUDOLW\RI
SURSRVHGVWXG\7KHSHUFHQWDJHFKDQJHVRIERWKYDULDEOHVDUHXVHGIRU
LQIHUHQFHZKLFKDUH
1
t
t
F
F 
' DQG
1
t
t
G
G 
' )RU
WKH/), GDWD HLJKW IX]]\ VHWV DUH GHILQHG  1A  2A  8A  DQG IRU OLIH
H[SHFWDQF\GDWDVHYHQIX]]\VHWVDUHGH¿QHG 1A  2A  A E\HTXDOIX]]\
LQWHUYDOVZKLFKDUHDVVXPHG OHQJWKRIVWDQGDUGGHYLDWLRQVRI WUDQVIRUPHG
GDWDVHWV
7KHIX]]\VHWV 1 2  kA A A   DUHGH¿QHGE\
1A  u1u2u3u4um
2A  u1u2u3u4um
3A  u1u2u3u4um
   
1kA   u1u2umumumum
kA  u1u2umXmumum
7KH URRWPHDQVTXDUHGHUURU 506(PHDQDEVROXWHHUURU 0$(DQG
PHDQDEVROXWHSHUFHQWDJHHUURU0$3(PHWULFVDUHXVHGIRUSHUIRUPDQFH
HYDOXDWLRQ7KH506(PHWULFJLYHV DQ DYHUDJHGHYLDWLRQ LQWHUYDO DQG
LQFUHDVHVHIIHFWVRI ODUJHUHUURUVE\VTXDUHVRI WKHP(T  LQGLFDWHV WKH
506(IXQFWLRQ

 21n t ti Dv FvRMSE
n
  ¦ i «Q   
0$3(LVGH¿QHGE\
1
1 n i i
i
i
X YMAPE
n X 
 u¦  i «Q   
0$(LVGH¿QHGE\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1
1 n
i ii
MAE X Y
n  
 ¦   i «Q   
$QDGGLWLRQDOHUURUPHWULFVLVQRUPDOLVHG506(1506(ZKLFKLVUDWLRRI
506(RYHUUDQJHRIREVHUYHGYDOXHV1506(LVDOVRUHSRUWHGLQUHVXOWV
PD[ PLQ
RMSENRMSE
x x
        
7KHGHWDLOHGDSSOLFDWLRQVWHSVFDQEHGHVFULEHGDVIROORZV
Step 1&ROOHFWDQGDUUDQJH WKHKLVWRULFDOGDWD7UDQVIRUPWRSHUFHQWDJH
FKDQJHVHULHVDvt'H¿QHWKHXQLYHUVHRIGLVFRXUVHU)LQGWKHPHDQ'PHDQ
DQGWKHVWDQGDUGGHYLDWLRQı
Step 2.&DOFXODWH IX]]\ VHWVZKLFK DUH LQ HTXDO OHQJWKV RI VWDQGDUG
GHYLDWLRQV0HDQRIGDWD LV ORFDWHG LQ WKHPLGGOHRI IX]]\VHWDQGXSSHU
ERXQGDQGORZHUERXQGLVLQGLVWDQFHRIı2WKHUIX]]\VHWVDUHGH¿QHGLQ
ıLQWHUYDOVIURPPHDQYDOXH0HDQRI/),JUDGLHQWVHULHVLVDQGIX]]\
LQWHUYDOVDUH u1 >@u2 >@u3 >@u4 >
@u >@X >@u >@DQGu8 >@
0HDQRI OLIHH[SHFWDQF\JUDGLHQWVHULHV LVDQGIX]]\ LQWHUYDOVDUH
u1 > @u2 > @u3 > @u4 >
@u >@u >@DQGu >
@
6WHS)X]]L¿FDWLRQRIWKHVHULHV
Step 4.*HQHUDWHWKHELYDULDWH)/5V)RUDOOIX]]L¿HGGDWDGHULYHWKH)/5V
DFFRUGLQJWR'H¿QLWLRQVXFKDV
A3B1ĺA2A3B1ĺA3
Step 5.2UJDQL]HWKHELYDULDWH)/5VLQWRJURXSVRIVDPH/+6IX]]\VHWV
QDPHGWKH)/5*URXS)/5*/+6VRIJURXSVLQGLFDWHLQSXWYDOXHRIRQH
SHULRGSUHYLRXVGDWD5+6LVYDULHW\RIRXWSXWVWKDWH[SHULHQFHGLQHVWLPDWLRQ
SHULRG
6WHS&DOFXODWHWKHIRUHFDVWHGRXWSXWV7KHIRUHFDVWHGYDOXHDWWLPHtFvt
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LVGHWHUPLQHGE\WKHIROORZLQJWKUHH,)7+(1UXOHV$VVXPHWKHELYDULDWH
LQSXWVDWWLPHtLVAiBk
Rule 1.,)WKH)/5*RIAiBkLVQRWH[LVWLQJALBkĺI 7+(1WKHYDOXH
RIFvt LV$iDQGFDOFXODWHFHQWURLGRI WKHIX]]\VHWAi ZKLFKLV ORFDWHGRQ
PLGSRLQWIRULQIHUHQFHSRLQWIRUHFDVW
Rule 2.,)WKH)/5*RIAiBkLVAiBkĺ kA 7+(1WKHYDOXHRIFvtLV kA 
DQGFDOFXODWHFHQWURLGRIWKHIX]]\VHW kA ZKLFKLVORFDWHGRQPLGSRLQWIRU
LQIHUHQFHSRLQWIRUHFDVW
5XOH,)WKH)/5*RIAiBkLVAiBkĺ 1kA AiBkĺ 2kA AiBkĺ 3kA
AiBkĺ kpA DQG7+(1WKHYDOXHRIFvtLVFDOFXODWHGDVIROORZV
1 2 k k kp
t
A A A
Fv
p
   
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DQGFDOFXODWHFHQWURLGRI WKHUHVXOWLQJIX]]\VHWZKLFK LV WKHDULWKPHWLF
DYHUDJHRImk1mk2mkpWKHPLGSRLQWVRIuk1uk2ukpUHVSHFWLYHO\
%ULHIGHVFULSWLRQRIEHQFKPDUNPHWKRGV
7KHSUHVHQWSDSHUFRQVLVWVRI¿YHHPSLULFDOFDOFXODWLRQV2QHRIWKHPLVWKH
SURSRVHGPHWKRG%L)76ZKLFKDOUHDG\GH¿QHGLQWKHSUHYLRXVVHFWLRQ
7KHPHWKRGRI&KHQ LV WKHFRQYHQWLRQDOXQLYDULDWHFDVHRI WKHSURSRVHG
PHWKRGZKLFKLVDOVRGHVFULEHGLQWKHSURFHVVRIIX]]\WLPHVHULHV7KHPDLQ
FRQWULEXWLRQRI&KHQLVWRLPSURYHFDOFXODWLRQVDQGPDNHLWVLPSOHU
$VVWDWLVWLFDOEHQFKPDUNVRIWKHWHVWHGPHWKRGV%R[-HQNLQVW\SH$5,0$
DXWRUHJUHVVLYH LQWHJUDWHGPRYLQJDYHUDJHDQG+ROW:LQWHUVH[SRQHQWLDO
VPRRWKLQJPHWKRGVDUHDSSOLHGWRXQLYDULDWH/),VHULHV$QDGGLWLRQDOPHWKRG
ZKLFKLVNQRZQDV1lLYH,LVDOVRDSSOLHGIRUQRFKDQJHFDVH1lLYH,UHIHUWR
IRUHFDVWHGYDOXHDWWLPHt LVWKHDFWXDOYDOXHRIWLPHt,WLVFRQYHQWLRQDOO\
XVHGLQIRUHFDVWLQJVFLHQFHDVDEDVHDOWHUQDWLYHVLQFHWKHPHWKRGLVWKHPRVW
EDVLFDSSURDFK
$XWRUHJUHVVLYHPRYLQJDYHUDJH$50$DSSURDFK LV ILUVW VXJJHVWHGE\
:ROG21):ROGFRPELQHG$5DQG0$IRUPVLQWR$50$SURFHVVDQGLQGLFDWHG
:ROG
216
WKDWLWLVYHU\XVHIXOLQPDQ\VWDWLRQDU\WLPHVHULHV$50$SURFHVVLVGH¿QHG
DV
xt ĭ1xt-1ĭ2xt-2«ĭpxt-p+etș1et-1ș2et-2«șqet-q  
ZKHUHxtLVWKHVWDWLRQDU\WLPHVHULHVDQGHWLVWKHHUURUWHUP
%R[DQG-HQNLQVGHYHORSHG$50$E\SURYLGLQJGLIIHUHQFLQJRSHUDWLRQWR
HQVXUHVWDWLRQDULW\RI WLPHVHULHV22)7KHWHUPµ,QWHJUDWHG¶ LV LQVHUWHGWR WKH
PRGHOE\PHDQVRIRUGHURIGLIIHUHQFLQJ$5,0$7KHUHDIWHU$5,0$LV
PHQWLRQHGZLWKWKHQDPHRI%R[DQG-HQNLQV$5,0$PHWKRGSURYLGHGDQ
DGGLWLRQDOIXQFWLRQWKDWXVHVDXWRFRUUHODWLRQDQGSDUWLDODXWRFRUUHODWLRQIRU
GH¿QLWLRQRIRUGHURI$50$WHUPV)LQDOO\RXWOLQHRIWKHSURFHGXUHLVGH¿QHG
DVIROORZV
7HVWLQJIRUVWDWLRQDULW\DQGGH¿QLWLRQRIRUGHURIGLIIHUHQFLQJ
7HVWLQJIRUVHDVRQDOLW\DQGGH¿QLWLRQRIRUGHURIVHDVRQDOGLIIHUHQFLQJ
'H¿QLWLRQRIRUGHURI$50$PRGHO
(VWLPDWLQJPRGHOSDUDPHWHUV
'LDJQRVWLFFKHFNVIRUUHVLGXDOZKLWHQRLVHDVVXPSWLRQ
)RUH[DPSOH¿UVWRUGHUDXWRUHJUHVVLYHDQG¿UVWRUGHUPRYLQJDYHUDJHWHUPV
XQGHUWKH¿UVWRUGHUGLIIHUHQFLQJDUH¿JXUHGRXWDV$5,0$
$QRWKHUEHQFKPDUNPHWKRG LV+ROW:LQWHUV¶V H[SRQHQWLDO VPRRWKLQJ
DOJRULWKP+ROWDQG:LQWHUV23)H[WHQGHG WUDGLWLRQDOH[SRQHQWLDOVPRRWKLQJ
DQG LPSURYHGIRUHFDVWLQJSHUIRUPDQFH7KHVWUXFWXUHRI WKH+ROW:LQWHUV
H[SRQHQWLDOVPRRWKLQJ LVPDGHXSE\ ORFDO WUHQG7W OHYHORIVHULHV )W
VPRRWKHGYDOXHDQGVHDVRQDOLW\ 6W(T  VKRZV WKH OHYHORI VHULHV
VPRRWKHGE\ WKH FRQVWDQWĮ(T  VKRZV WKH VHDVRQDOLW\ FRPSRQHQW
VPRRWKHGE\WKHFRQVWDQWȕ(TVKRZVWKHWUHQGFRPSRQHQWVPRRWKHGE\
%R[DQG-HQNLQV
+ROW:LQWHUVSS
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WKHFRQVWDQWȖ(TLV WKH:LQWHUV¶VIRUHFDVWLQJIXQFWLRQWKDWLQFOXGHVWKH
FRPSRQHQWVDVIROORZV
1 1   t t t p t tF X S F TD D          
  t t t t pS X F SE E         
1 1   t t t tT F F TJ J          
 t m t t t m pW F mT S          
ZKHUHXtLVDFWXDOYDOXHIRUSHULRGtPLVWKHQXPEHURISHULRGDKHDGWREH
IRUHFDVWHGDQGp LV WKHQXPEHURISHULRGVLQWKHVHDVRQDOF\FOH6PRRWKLQJ
FRQVWDQWVDUHEDVHGRQRUGLQDU\OHDVWVTXDUHVHVWLPDWHV
III. The empirical results and validation
(PSLULFDOZRUNVDUHFDUULHGRXWRQXQLYDULDWHDQGELYDULDWHFDVHV7KH
XQLYDULDWH/), WUDQVIRUPHGVHULHV LVHVWLPDWHGE\&KHQ¶VPHWKRGDQG WKH
ELYDULDWH/),/LIHH[SHFWDQF\ WUDQVIRUPHGVHULHV LVHVWLPDWHGE\ WKH ILUVW
RUGHUELYDULDWH)76%L)76$VEHQFKPDUN1lLYH , QRFKDQJHPRGHO
%R[-HQNLQV W\SH$5,0$DQG+ROW:LQWHUVH[SRQHQWLDOVPRRWKLQJUHVXOWV
DUHSUHVHQWHG24)/),VHULHVLVWHVWHGIRUVWDWLRQDULW\DQG¿UVWRUGHUGLIIHUHQFLQJ
DSSOLHGVLQFHWKHOHYHOVRI/),KDYHXQLWURRWV$XJPHQWHG'LFNH\)XOOHUWHVW
p6SHFL¿FDWLRQRI$5,0$LVGH¿QHG$5,0$E\UHYLHZ
RIDXWRFRUUHODWLRQVSDUWLDODXWRFRUUHODWLRQVDQGVLJQLILFDQFHRIFRHIILFLHQWV
p1RQVHDVRQDO+ROW:LQWHUVPRGHOQRQȕLVEDVHGRQĮ DQG
Ȗ DFFRUGLQJ WR WKHEHVW ILW6LQFH WKH/),VHULHV LVDQQXDOEDVHQRQ
VHDVRQDOGDWDH[FHSWSUREDEOHEXVLQHVVF\FOHVVHDVRQDOLW\LVRXWRIVFRSH
5HVXOWV IRU$5,0$DQG+ROW:LQWHUVPHWKRGDUHFDOFXODWHGE\(9LHZV
406//&VRIWZDUH7DEOHLQGLFDWHVUHVXOWVIRU¿YHPHWKRGV
$FFRUGLQJWR506(1506(DQG0$(PHWULFV%L)76H[SRVHVVXSHULRULW\
%R[DQG-HQNLQV+ROW:LQWHUVSS
'LFNH\DQG)XOOHU
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DPRQJ WKHEHQFKPDUNPHWKRGV 6HH WDEOH+RZHYHU0$3(PHWULF
LQGLFDWHV VLPSOHQR FKDQJHPRGHO FDQRXWSHUIRUPVHYHUDO FRPSOLFDWHG
PHWKRGVZKLOHWKHGLIIHUHQFHEHWZHHQ1lLYH,DQG%L)76LVMXVW8VHRI
0$3(LVGLVFXVVHGE\PDQ\VFKRODUVDQGLW LVQRWHGWKDW0$3(PD\FDXVH
LQFRPSDUDEOHGHYLDWLRQV7KHUHIRUH WKHSUHVHQWVWXG\ LQWURGXFHVUHVXOWV
IRU0$3(DVDEHQFKPDUNEXWSULRULW\ZLOOEHEDVHGRQ506(0$(DQG
SDUWLFXODUO\1506(PHWULFV
7DEOH!RMSE, MAE, MAPEDQGNRMSEUHVXOWVRIHPSLULFDOZRUNV
1lLYH, &KHQ %L)76 $5,0$
+ROW
:LQWHUV
RMSE     
MAE     
MAPE     
NRMSE     
7KHPRVWDFFXUDWH
506(IRU%L)76LVDURXQGRQHIRUWKRIVWDQGDUGGHYLDWLRQRI/),VHULHV
ı7KHVL]HRIHUURULVTXLWHOHVVWKDQDYHUDJHGHYLDWLRQIURPORQJWHUP
PHDQ$ERXWWKHUDWHRIHUURUPHWULFV0DNULGDNLVHWDOVXJJHVWVFRPSDUDWLYH
DQDO\VLVZLWKDOWHUQDWLYHPHWKRGVUDWKHUWKDQDQDO\VLQJVLPSO\VL]HRIWKHP
(VSHFLDOO\RQORQJWHUPVHULHVVL]HRIGHYLDWLRQKDVGLIIHUHQWPHDQLQJVRYHU
WKHGLIIHUHQWOHYHOVRIGDWDVHW,QFDVHRI%L)76KDVFUXFLDOLPSRUWDQFH
LQWKHHQGRIVEXWLWKDVUHODWLYHO\VPDOOVL]HIRUWKHHQGRIV$V
DFXPXODWLYHUHVXOWVL]HRIDYHUDJHHUURUPHWULFV LVQRWVWUDLJKWIRUZDUGIRU
LQWHUSUHWDWLRQ
1506(LVDQDGMXVWHGYHUVLRQRI506(DQGH[SOLFLWO\LQGLFDWHVVXSHULRU
UHVXOWVRI%L)76IRU/),VHULHV%L)76FDQEHVHOHFWHGIRUSUDFWLFDOXVH LQ
ORQJWHUPLQIHUHQFHE\QRWLQJWKDWUHIHUHQFHPHWKRGVPD\RXWSHUIRUPLQVRPH
SDUWVRIWKHWHUPDFFRUGLQJWRGLIIHUHQWHUURUSHUFHSWLRQVDEVROXWHHUURUVYV
VTXDUHGHUURUVZKLFKLVYHU\FRPPRQDPRQJWKHSUHGLFWLRQVFLHQFH
$UPVWURQJ)ORUHVDPRQJRWKHUV
0DNULGDNLVHWDO
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IV. Conclusions
,Q WKLVSDSHU WKHILUVWRUGHU%L)76LVDSSOLHG WRD ORQJ WHUPIRUHFDVWLQJ
SUREOHP7KH/),LVWKHREMHFWLYHVHULHVDQGOLIHH[SHFWDQF\GDWDLVXVHGDVD
OHDGLQJLQGLFDWRU$FFRUGLQJWRUHVXOWVELYDULDWH)76LQGLFDWHGPRUHDFFXUDWH
RXWFRPHRYHUEHQFKPDUNPHWKRGV%LYDULDWH)76SURYLGHVFRWUHQGHGSDWWHUQ
UHFRJQLWLRQDQGLWVPDMRUDGYDQWDJHVOLHRQWKHGDWDSUHFRQGLWLRQVVXFKDV
QHHGOHVVRIVWDWLRQDULW\QRUPDOLW\DQGRWKHUGLDJQRVWLFSDUWLFXODUV$OWKRXJK
LWLVH[SUHVVHGWKDWWKHUHLVQRUHTXLUHPHQWIRUVWDWLRQDULW\LQWKHFRQYHQWLRQDO
)76 WKHRUHWLFDOO\ LW VKRXOGEHREWDLQHG28)6XFKDGLDJQRVWLF WHVW LV VWLOO
QRWHPEHGGHGWR WUDGLWLRQDO)76PHWKRGRORJ\7KHSUHVHQWSDSHUGRHVQRW
FRPSLOHUDZGDWDDQGWUDQVIRUPVWRSHUFHQWDJHFKDQJHV WRUHGXFHSRVVLEOH
QRQOLQHDULW\
$OWKRXJK WKHSUHVHQWSDSHUXWLOLVHV/),YDULRXVDOWHUQDWLYHGDWDVHWFDQ
HDVLO\EHDSSOLHGE\)76DQG%L)761RQVWDWLRQDULW\DQGQRQOLQHDULW\
DUH WZRPDMRUSUREOHPVRIFRQYHQWLRQDO WLPHVHULHVDQDO\VLV&RPSXWHU
LQWHOOLJHQFHVXFKDV)76PD\VLPSO\FRSHZLWKVXFKFRPSOLFDWLRQV
)XWXUHZRUNVVKRXOGEHEDVHGRQKLJKRUGHU%L)76FDVHEHFDXVHRIWKDWORQJ
WHUP/),GDWDFDUULHVVLJQDORIORQJPHPRU\F\FOHV+LJKRUGHUPRGHOPD\
LPSURYHFRQVLVWHQF\DQGDFFXUDF\
$FNQRZOHGJHPHQW
$XWKRUV DUH WKDQNIXO WR IRXU DQRQ\PRXV UHIHUHHV IRU WKHLU WLPH DQG YDOXDEOH
FRPPHQWV:HDOVRJUDWHIXOO\DFNQRZOHGJHSDUWLFLSDQWVDQGFRPPHQWDWRUVRI WKHUG
,QW¶O&RQIHUHQFHRI WKH$VLDQ-RXUQDORI6KLSSLQJ	/RJLVWLFV2XUVSHFLDO WKDQNVDQG
JUDWLWXGHDUHGXHIRU3URI'U7HWVXML6KLPRMRIRUKLVFRQWULEXWLRQVWRVKLSSLQJHFRQRPLFV
DQGIRUKLVOLIHGHYRWHGWRVKLSSLQJUHVHDUFK
'XUX

'DWHRI&RQWULEXWLRQ0D\
'DWHRI$FFHSWDQFH1RY
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